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Let X be a topological space and let F be a ﬁlter on N, recall that a sequence (xn)n∈N
in X is said to be F-convergent to the point x ∈ X , if for each neighborhood U of x,
{n ∈ N: xn ∈ U } ∈F . By using F-convergence in 1 and in Banach spaces, we characterize
the P -ﬁlters, the P -ﬁlters+, the weak P -ﬁlters, the Q -ﬁlters, the Q -ﬁlters+, the weak Q -
ﬁlters, the selective ﬁlters and the selective+ ﬁlters.
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1. Preliminaries and introduction
All ﬁlters will be taken on N and will be free. The Fréchet ﬁlter {A ⊆ N: N \ A is ﬁnite} is denoted by Fr . It is trivial to
see that a ﬁlter F is free iff Fr ⊆ F . For a ﬁlter F , we write F+ = {A ⊆ N: ∀B ∈ F(A ∩ B = ∅)}. The trace of a ﬁlter F
on a set A ∈ F+ is the ﬁlter F |A = {A ∩ F : F ∈ F}. Given two inﬁnite subsets X and Y of N, we say that a ﬁlter F on X
is equivalent to a ﬁlter G on Y if there is a bijection f : X → Y such that f [F ] = {G ⊆ Y : f −1(G) ∈ F} = G . Given sets
A, B ⊆ N, A ⊆∗ B means that A \ B is ﬁnite. If (An)n∈N is a sequence of subsets of N and A ⊆ N is an inﬁnite set such that
A ⊆∗ An , for each n ∈ N, then A is called a pseudo-intersection of (An)n∈N .
To give some examples of ﬁlters we shall need the following:
Let {X, Y } be a partition of N in two inﬁnite subsets. Given two ﬁlters F and G on X and on Y , respectively, we deﬁne
the sum of F and G as:
F ⊕ G = {A ∪ B: A ∈ F and B ∈ G}.
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and G on N is the ﬁlter
F ⊗ G = {A ⊆ N × N: {n: {m: (n,m) ∈ A} ∈ G} ∈ F}.
Observe that (F ⊗G)+ = {A ⊆ N × N: {n: {m: (n,m) ∈ A} ∈ G+} ∈ F+}. The ﬁlter F ⊗G can be considered as a ﬁlter on N
by considering a ﬁx bijection f : N × N → N.
Our Banach spaces will be vector spaces over the real numbers. Let X be a Banach space. A sequence (en)n∈N in X is said
to be a Schauder basis for X , if for every y ∈ X there is a unique sequence of scalars (an)n∈N such that ‖y −∑ni=1 aiei‖ → 0.
The Banach spaces considered in this paper will contain a Schauder basis (en)n∈N and it will also be assumed that the basis
is normalized; that is, ‖en‖ = 1, for each n ∈ N. In particular, throughout the paper, (en)n∈N will stand for the canonical
Schauder basis of 1 and x ∈ 1 sometimes will be denoted as (xi)i∈N . For a sequence (xn)n∈N and a vector x in X , xn → x
denotes the convergence with respect to the norm topology. Recall that the weak topology on X is the topology induced
by its dual space X∗ , and we write xn w−−→ x to denote the convergence with respect to this topology. Notice that xn w−−→ x
iff f (xn) → f (x), for all f ∈ X∗ . For each n ∈ N, it is known that the function e∗n(
∑∞
i=1 aiei) = an is a continuous linear
functional on X . The π -topology on X is the topology generated by the set {e∗n: n ∈ N} and xn π−→ x denotes the convergence
under this topology. Observe that xn
π−→ x iff e∗m(xn) → e∗m(x), for all m ∈ N.
Deﬁnition 1.1. Let F be a ﬁlter on N and let X be a topological space. A sequence (xn)n∈N in X is said to be F -convergent
to the point x ∈ X , in symbols xn →F x, if for each neighborhood U of x, {n ∈ N: xn ∈ U } ∈ F .
Nowadays, the ﬁlters on the natural numbers have different applications on Real Analysis, Functional Analysis, Dynam-
ical Systems and Topology. Mainly, the notion of F -convergence which has been introduced by many mathematicians in
different contexts, for instance we can mention A.R. Bernstein [2], Z. Frolík [4] and H. Furstenberg [5, p. 179]. Observe that
xn → x iff xn →Fr x. For this reason we always have that xn → x implies that xn →F x, for every ﬁlter F on N.
In the paper [6], the authors characterize the P -points of N∗ 2 and the selective ultraﬁlters on N by using ultraﬁlter
convergence on the real line and on metric spaces. A. Aviles-Lopez, B. Cascales-Salinas, V. Kadets and A. Leonov in [1]
characterize the P -ﬁlters+ and the Q -ﬁlters+ by using F -convergence in 1 and they also introduced the Schur ﬁlters
(for the deﬁnition see the last section). In this paper, we shall characterize the P -ﬁlters, the P -ﬁlters+ , the weak P -ﬁlters,
the Q -ﬁlters, the Q -ﬁlters+ , the weak Q -ﬁlters, the selective ﬁlters and the selective+ ﬁlters by using F -convergence of
sequences in Banach spaces with Schauder bases. In the second section, we recall the deﬁnition of the ﬁlters which will be
characterized and discuss some of their basic properties and relationships. After that, we will begin using F -convergence
in the Banach space 1. In the fourth section, we will consider arbitrary Banach spaces with Schauder bases and formulate
the Bessaga–Pelczynski selection principle in the context of ﬁlters. In the last section, we characterize the Schur ﬁlters in
terms of some properties of the unit ball of the Banach space ∞ . In most of the proofs we apply standard techniques from
Banach space theory and F -convergence of sequences. The proofs of implications (1) ⇒ (2) of Theorems 3.6 and 4.7 follow
the basic idea of the proof of Lemma 2.5 from [1].
2. Our ﬁlters
We recall the ﬁrst classes of ﬁlters which will be characterized.
Deﬁnition 2.1. Let F be a ﬁlter on N.
(1) F is a P-ﬁlter if for every decreasing sequence (An)n∈N of elements of F there exists B ∈ F such that B ⊆∗ An , for
every n ∈ N.
(2) F is a P-ﬁlter+ if for every decreasing sequence (An)n∈N of elements of F and for every A ∈ F+ there exists B ∈ F+
such that B ⊆ A and B ⊆∗ An , for every n ∈ N.
(3) F is a weak P-ﬁlter if for every decreasing sequence (An)n∈N of elements of F there exists B ∈ F+ such that B ⊆∗ An ,
for every n ∈ N.
Next, we list some known equivalent conditions.
Lemma 2.2. Let F be a ﬁlter on N.
(1) F is a P -ﬁlter iff for every partition {An: n ∈ N} of N such that An /∈ F+ , for each n ∈ N, there is B ∈ F such that B ∩ An is ﬁnite
for every n ∈ N.
2 Here, N∗ stands for the remainder of the Stone–Cˇech compactiﬁcation β(N) of the natural numbers with the discrete topology.
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such that B ⊆ A and B ∩ An are ﬁnite for every n ∈ N.
(3) F is a weak P-ﬁlter iff for every partition {An: n ∈ N} of N such that An /∈ F+ , for each n ∈ N, there is B ∈ F+ such that B ∩ An
is ﬁnite for every n ∈ N.
Proof. We only prove the equivalence of (2) since the proofs of the equivalences of (1) and (3) are similar. Necessity. Deﬁne
the sequence (An)n∈N of elements of F , by An =⋃∞i=n Xi , for every n ∈ N. By hypothesis there is B ∈ F+ , such that B ⊆ A
and B ⊆∗ An for all n ∈ N, which implies that B ∩ An is ﬁnite for every natural number n.
Suﬃciency. Let (An)n∈N be a decreasing sequence in F and let A ∈ F+ . Deﬁne X1 = N \ A1 and Xn = An \ An+1 for
n ∈ N. By assumption we can choose B ∈ F+ so that B ⊆ A and whose intersection with every element of the partition
{Xn: n ∈ N} ∪ {{k}: k ∈⋂∞i=1 Ai} is ﬁnite. Hence, B ⊆∗ An for all n ∈ N. 
All these concepts are equivalent to a P -point of N∗ when F is an ultraﬁlter. This is not the case for arbitrary ﬁlters as
we shall see. Indeed, every P -ﬁlter F is a P -ﬁlter+ , since given a decreasing sequence (An)n∈N in F and A ∈ F+ , if B ∈ F
is a pseudo-intersection of (An)n∈N , then A ∩ B ∈ F+ will be a pseudo-intersection of (An)n∈N . Also, it is evident that every
P -ﬁlter+ is a weak P -ﬁlter, just take A = N in the deﬁnition of P -ﬁlter+ . On the other hand, let (An)n∈N be a decreasing
sequence of inﬁnite sets of natural numbers such that
⋃∞
n=1 An \ An+1 = N and An \ An+1 is inﬁnite for every n ∈ N. We
then have that the ﬁlter G = {A ⊆ N: ∃n ∈ N(An ⊆ A)} is not a P -ﬁlter, since for each A ∈ G there is n ∈ N so that A ⊇ An
and A \ An+1 is inﬁnite. If B is an inﬁnite set of natural numbers with the property that B ∩ (An \ An+1) is at most one point
for every n ∈ N, then B ∈ G+ , and each A ∈ G+ contains a set of this form, that is, G is a P -ﬁlter+ . Finally, consider the sum
D = Fr |X ⊕G , with respect to the partition {X, Y } of N in two inﬁnite sets, where G is a non-P -point of Y ∗ . D is a weak
P -ﬁlter, since any sequence (An)n∈N in D gives that (An ∩ X)n∈N is a sequence of elements of Fr |X . In particular, X ∈ D+
and X ⊆∗ An , for all n ∈ N. Moreover, by the assumption on G , we know we can ﬁnd a sequence (An)n∈N of sets in G such
that for every B ∈ G there is n ∈ N with B \ An being an inﬁnite set. Hence, (An ∪ X)n∈N is a sequence in D and Y is an
element of D+ for which there is no B ∈ D+ with B ⊆ Y satisfying B ⊆∗ An ∪ X , for each natural number n. In other words,
D cannot be a P -ﬁlter+ . Thus, we have shown that the following diagram holds where the implications do not reverse.
P -ﬁlter ⇒ P -ﬁlter+ ⇒ weak P -ﬁlter.
The next classes of ﬁlters to be characterized are the following.
Deﬁnition 2.3. Let F be a ﬁlter on N.
(1) F is called a Q -ﬁlter if for every partition {An: n ∈ N} of N in ﬁnite sets, there exists B ∈ F such that |B ∩ An| 1, for
every n ∈ N.
(2) F is called a Q -ﬁlter+ if for every A ∈ F+ and for every partition {An: n ∈ N} of A in ﬁnite sets, there exists B ∈ F+
such that B ⊆ A and |B ∩ An| 1, for every n ∈ N.
(3) F is called a weak Q -ﬁlter if for every partition {An: n ∈ N} of N in ﬁnite sets, there exists B ∈ F+ such that
|B ∩ An| 1, for every n ∈ N.
Again, you may notice that for ultraﬁlters these deﬁnitions are equivalent to the Q -points. In a similar way as above, we
have that
Q -ﬁlter ⇒ Q -ﬁlter+ ⇒ weak Q -ﬁlter.
To see that these implications cannot be reversed observe that the Fréchet ﬁlter Fr is a Q -ﬁlter+ which is not a Q -ﬁlter
and that the ﬁlter Fr |X ⊕G |Y , where {X, Y } is a partition of N in two inﬁnite subsets, and G is a non-Q -point in the set Y ,
is an example of a weak Q -ﬁlter but not a Q -ﬁlter+ .
The last classes of ﬁlters are generalizations of selective ultraﬁlters.
Deﬁnition 2.4. Let F be a ﬁlter on N.
(1) F is said to be selective if F is both a P -ﬁlter and a Q -ﬁlter.
(2) F is said to be selective+ if F is both a P -ﬁlter+ and a Q -ﬁlter+ .
(3) F is said to be weakly selective if for every partition {An: n ∈ N} of N such that An /∈ F+ , for each n ∈ N, there is
B ∈ F+ such that |B ∩ An| 1, for every n ∈ N.
The next lemma shows that for selective and selective+ ﬁlters we can actually obtain a similar deﬁnition to the weakly
selective ﬁlters.
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(1) F is selective iff for every partition {An: n ∈ N} of N such that An /∈ F+ , for each n ∈ N, there is B ∈ F such that |B ∩ An| 1,
for every n ∈ N.
(2) F is selective+ iff for every partition {An: n ∈ N} of N such that An /∈ F+ , for each n ∈ N, and every A ∈ F+ there exists B ∈ F+
such that B ⊆ A and |B ∩ An| 1, for every n ∈ N.
Proof. (2) Necessity. We ﬁrst use the P -ﬁlter+ property to ﬁnd B1 ∈ F+ so that B1 ⊆ A and B1 ∩ An is ﬁnite, for every
n ∈ N. As F is a Q -ﬁlter+ , we can also choose B ∈ F+ with B ⊆ B1 and |B ∩ An| 1, for all n ∈ N.
Suﬃciency. It is evident. 
It is easy to show that the weakly selectivity of F implies that F is a weak P -ﬁlter and a weak Q -ﬁlter at the same
time. Under CH there is an example showing that the converse is false as we will see next. First of all, let us see that we
can ﬁnd ﬁlters F and G such that F is a weakly Q -ﬁlter but not a weakly P -ﬁlter and that G is a weakly P -ﬁlter but not a
weakly Q -ﬁlter. We know that CH guarantees the existence of a P -point that is not a Q -point [9]. Furthermore, the tensor
product Fr ⊗ Fr is a weak Q -ﬁlter but not a weak P -ﬁlter. Indeed, to prove the non-weak P -ﬁlter condition, notice that
Xn = {n} × N /∈ (Fr ⊗ Fr)+ , for each n ∈ N, and that if a set A ⊆ N × N satisﬁes that its intersection with each Xn is ﬁnite
then its complement lies in the ﬁlter. Now, we prove that Fr ⊗ Fr is a weak Q -ﬁlter. To do that suppose {An: n ∈ N} is a
partition of N × N in ﬁnite sets. Let us deﬁne an increasing sequence of natural numbers (nk)k∈N as follows:
n1 = min{n ∈ N: An ∩ X1 = ∅},
and
nk = min{n > nk−1: An ∩ X j+1 = ∅},
for every k > 1, and where k = 2n + j, for some n ∈ N and 0  j  2n − 1. For every natural k, pick ak ∈ Ank ∩ X j+1 and
let A = {ak: k ∈ N}. Obviously |A ∩ An| 1, for each n ∈ N. It remains to show that A ∈ (Fr ⊗ Fr)+ . In fact, if j ∈ N, then
A ∩ X j = {ak: k = 2n + j − 1, for some n ∈ N}. That is, A ∩ X j is inﬁnite and therefore A ∈ (Fr ⊗ Fr)+ is as required. To
ﬁnish our construction, let {X, Y } be a partition of N in two inﬁnite sets, and choose a ﬁlter F on X equivalent to Fr ⊗Fr
and a ﬁlter G on Y equivalent to a P -point not a Q -point (assuming CH). As we have seen previously, the weak P -ﬁlter
property (respectively, weak Q -ﬁlter property) of one of the factors F or G implies the weak P -ﬁlter property (respectively,
weak Q -ﬁlter property) of the sum F ⊕ G . Thus, we have that F ⊕ G is a weak P -ﬁlter and a weak Q -ﬁlter. To prove
that F ⊕ G is not weakly selective notice that there are partitions {Bn: n ∈ N} of X and {Cn: n ∈ N} of Y , witnessing the
non-weak P -ﬁlter and the non-weak Q -ﬁlter properties of F and G , respectively. It follows that {Bn: n ∈ N} ∪ {Cn: n ∈ N}
is a partition of N, with Bn,Cn /∈ (F ⊕ G)+ for all n ∈ N and such that no one B ∈ (F ⊕ G)+ has intersection in at most
one point with each Bn and each Cn . Otherwise such B will contradict either the non-weak P -ﬁlter property of F or the
non-weak Q -ﬁlter property of G .
As before, and using what we just have proved, it can be shown that the following strictly implications are satisﬁed:
selective ⇒ selective+ ⇒ weakly selective ⇒ weak P -ﬁlter + weak Q -ﬁlter.
3. Characterizations by usingF -convergence in 1
As we mentioned above, the P -points and the selective ultraﬁlters are characterized in [6], and in [1] the P -ﬁlters+ and
the Q -ﬁlters+ were characterized. The ﬁrst three characterizations that we shall state are similar to those of a P -point and
a P -ﬁlter+ . We prove only the one concerning P -ﬁlters+ . We need the following lemma.
Lemma 3.1. Let F be a ﬁlter on N and let {An: n ∈ N} be a partition of N such that An /∈ F+ for all n ∈ N. Suppose that X is a Banach
space with a Schauder basis (en)n∈N . If for every k ∈ N we have that xk = 1n en, provided k ∈ An, then xk →F 0.
Proof. Let ε > 0 and assume that A = {k ∈ N: ‖xk‖ ε} ∈ F+ . Since An /∈ F+ , for each n ∈ N, we must have that {n ∈ N:
A ∩ An = ∅} is inﬁnite. Hence, we can ﬁnd n > 1ε such that A ∩ An = ∅. If we pick k ∈ A ∩ An , then ‖xk‖ = 1n < ε, but this is
a contradiction. 
Theorem 3.2. Let F be a ﬁlter on N. The following are equivalent.
(1) F is a P -ﬁlter.
(2) For every sequence (xn)n∈N in 1 , if xn w−→F 0, then there is a subsequence (xn )k∈N such that B = {nk: k ∈ N} ∈ F , and xn π−→ 0.k k
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(1) F is a P -ﬁlter+ .
(2) For every sequence (xn)n∈N in 1 , if xn w−→F 0, then for every A ∈ F+ there is a subsequence (xnk )k∈N such that B = {nk: k ∈
N} ∈ F+ , B ⊆ A and xnk π−→ 0.
Proof. (1) ⇒ (2). For every m, l ∈ N, let Am,l = {n ∈ N: |e∗m(xn)| < 1l }. By assumption Am,l ∈ F , for all m, l ∈ N. Then, we
can ﬁnd B ∈ F+ , such that B ⊆ A and B ⊆∗ Am,l , for each m, l ∈ N. If we enumerate B as {nk: k ∈ N}, then (xnk )k∈N is the
desired subsequence.
(2) ⇒ (1). Suppose that F is a not a P -ﬁlter+ . Let {An: n ∈ N} be a partition of N such that An /∈ F+ , for all n ∈ N, and
let A ∈ F+ such that for each B ∈ F+ with B ⊆ A there is n ∈ N for which B ∩ An is inﬁnite. If we deﬁne xk = 1n en ∈ 1,
whenever k ∈ An , then by Lemma 3.1 we know that xk →F 0 and consequently xk w−−→F 0. By assumption, there exists a
subsequence (xnk )k∈N so that B = {nk: k ∈ N} ∈ F+ , B ⊆ A and xnk π−→ 0. Choose l ∈ N such that B ∩ Al is inﬁnite. Thus, for
the subsequence (xn)n∈B∩Al we have that e∗l (xn) → 1l , which is a contradiction. 
Theorem 3.4. Let F be a ﬁlter on N. The following are equivalent.
(1) F is a weak P-ﬁlter.
(2) For every sequence (xn)n∈N in 1 , if xn w−→F 0, then there is a subsequence (xnk )k∈N such that B = {nk: k ∈ N} ∈ F+ , and xnk π−→ 0.
We state now the characterizations of the Q -ﬁlters, Q -ﬁlters+ and weak Q -ﬁlters. Their proofs are similar and it is
enough to do it only for Q -ﬁlters+ .
Theorem 3.5. Let F be a ﬁlter on N. The following are equivalent.
(1) F is a Q -ﬁlter.
(2) For every sequence (xn)n∈N in 1 , if xn π−→ 0, then for each ε > 0 there exist B = {nk: k ∈ N} ∈ F and a strictly increasing sequence
of natural numbers (lk)k∈N such that
lk−1∑
i=1
∣∣xink ∣∣< ε and
∞∑
i=lk+1
∣∣xink ∣∣< ε,
for every k ∈ N.
Theorem 3.6. Let F be a ﬁlter on N. The following are equivalent.
(1) F is a Q -ﬁlter+ .
(2) For every sequence (xn)n∈N in 1 , if A ∈ F+ and xn π−→ 0 in A, then for each ε > 0 there exist B = {nk: k ∈ N} ∈ F+ and an
increasing sequence of natural numbers (lk)k∈N such that B ⊆ A and
lk−1∑
i=1
∣∣xink ∣∣< ε and
∞∑
i=lk+1
∣∣xink ∣∣< ε, (3.1)
for every k ∈ N.
Proof. (1) ⇒ (2). Without loss of generality, we may assume that A = N. By deﬁnition of 1, we can select an increasing
sequence of natural numbers (mn)n∈N such that
∞∑
i=mn+1
∣∣xij∣∣< ε,
for all j  n and for every n ∈ N. Now, by using the hypothesis xn π−→ 0, it is possible to ﬁnd an increasing sequence of
natural numbers (sk)k∈N such that s0 = 1 and∑
imsk
∣∣xij∣∣< ε,
for every j  sk+1 and for every k ∈ N. Now, either ⋃{(s2k, s2k+1]: k ∈ N} ∈ F+ or ⋃{(s2k−1, s2k]: k ∈ N} ∈ F+ . Without
loss of generality, assume the latter. Since F is a Q -ﬁlter+ , we can ﬁnd B = {nk: k ∈ N} ∈ F+ with nk ∈ (s2k−1, s2k] for each
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lk−1∑
i=1
∣∣xink ∣∣< ε and
∞∑
i=lk+1
∣∣xink ∣∣< ε.
(2) ⇒ (1). Let A ∈ F+ and let {An: n ∈ N} be a partition of A in ﬁnite sets. For every k ∈ N, we deﬁne xk = en ∈ 1,
provided k ∈ An , and xk = 0 if k ∈ N\ A. Since each An is ﬁnite, we have that xk π−→ 0. By hypothesis there are a subsequence
(xnk )k∈N and an increasing sequence of natural numbers (lk)k∈N such that B = {nk: k ∈ N} ∈ F+ , B ⊆ A and both inequalities
in (3.1) hold for ε = 1. Fix k1,k2 ∈ N and assume that nk1 ,nk2 ∈ Am for some m ∈ N. By deﬁnition, we know that xnk1 =
em = xnk2 . Hence and by (3.1), we must have that lk1−1 < m  lk1 and lk2−1 < m  lk2 , but this is only possible if k1 = k2.
This shows that |B ∩ An| 1, for every n ∈ N. 
Theorem 3.7. Let F be a ﬁlter on N. The following are equivalent.
(1) F is a weak Q -ﬁlter.
(2) For every sequence (xn)n∈N in 1 and each ε > 0we have that, if xn π−→ 0, then there exist B = {nk: k ∈ N} ∈ F+ and an increasing
sequence of natural numbers (lk)k∈N such that
lk−1∑
i=1
∣∣xink ∣∣< ε and
∞∑
i=lk+1
∣∣xink ∣∣< ε,
for every k ∈ N.
The proof of the last theorem is similar to that of a Q -ﬁlter+ . To see the converse implication in Theorem 3.5, construct
sequences (mn)n∈N and a partition Ik = [sk, sk+1) as in the proof of Theorem 3.6 and observe that since F is a Q -ﬁlter
there are A1, A2 ∈ F such that |A1 ∩ (I2k−1 ∪ I2k)| 1 and |A2 ∩ (I2k ∪ I2k+1)| 1 respectively, for each k ∈ N. In particular,
if B = A1 ∩ A2, then |B ∩ (Ik ∪ Ik+1)| 1, for every k ∈ N, and B is the desired set.
Since the family F+ is not necessarily closed under ﬁnite intersections the following results cannot be generalized to
weakly selective ﬁlters.
Theorem 3.8. Let F be a ﬁlter on N. The following are equivalent.
(1) F is selective.
(2) For every non-zero sequence (xn)n∈N in 1 , if xn w−→F 0, then there are a subsequence (xnk )k∈N and an increasing sequence of
natural numbers (mk)k∈N so that B = {nk: k ∈ N} ∈ F and
1
mk+1
 ‖xnk‖ <
1
mk
,
for every k ∈ N.
Theorem 3.9. Let F be a ﬁlter on N. The following are equivalent.
(1) F is selective+ .
(2) For every non-zero sequence (xn)n∈N in 1 , if xn w−→F 0, then for each A ∈ F+ there are a subsequence (xnk )k∈N , an increasing
sequence of natural numbers (mk)k∈N , and B = {nk: k ∈ N} ∈ F+ such that B ⊆ A and
1
mk+1
 ‖xnk‖ <
1
mk
,
for every k ∈ N.
Proof. (1) ⇒ (2). Deﬁne A0 = {i ∈ N: ‖xi‖  1} and for every n ∈ N, we let An = {i ∈ N: 1n+1  ‖xi‖ < 1n }. If An /∈ F+ for
every n ∈ N, the result follows immediately as a consequence of Lemma 2.5. Let us show that An ∈ F+ for some n ∈ N
is impossible. Suppose that n ∈ N satisﬁes this condition. Since F is a P -ﬁlter+ , by Theorem 3.3, there is A ∈ F+ so that
A ⊆ An and xm π−→ 0 in A. According to Theorem 3.6, we can choose B = {nk: k ∈ N} ∈ F+ and an increasing sequence of
natural numbers (lk)k∈N such that B ⊆ A and
lk−1∑∣∣xink ∣∣< ε5 and
∞∑ ∣∣xink ∣∣< ε5 ,i=1 i=lk+1
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lk∑
i=lk−1+1
∣∣xink ∣∣ 3ε5 .
Let us deﬁne a = (am)m∈N ∈ ∗1 = ∞ by am = 0 iff xmnk = 0 and otherwise am = xmnk/|xmnk |, provided that m ∈ (lk−1, lk]. Thus,
we obtain
∣∣a(xnk )∣∣=
∣∣∣∣∣
∞∑
m=1
amx
m
nk
∣∣∣∣∣

∣∣∣∣∣
lk∑
m=lk−1+1
amx
m
nk
∣∣∣∣∣−
∣∣∣∣∣
lk−1∑
m=1
amx
m
nk
∣∣∣∣∣−
∣∣∣∣∣
∞∑
m=lk+1
amx
m
nk
∣∣∣∣∣

lk∑
m=lk−1+1
∣∣xmnk ∣∣−
lk−1∑
m=1
∣∣xmnk ∣∣−
∞∑
m=lk+1
∣∣xmnk ∣∣
>
3ε
5
− ε
5
− ε
5
= ε
5
,
for every k ∈ N. Hence, B ⊆ {n ∈ N: |a(xn)| ε5 } ∈ F+ , but this contradicts the convergence xn w−−→F 0.
(2) ⇒ (1). Given A ∈ F+ and a partition {An: n ∈ N} of N such that An /∈ F+ for all n ∈ N, we deﬁne xk = 1n en provided
that k ∈ An . We know by Lemma 3.1 that xk →F 0 and therefore xk w−−→F 0. Hence, there are B = {nk: k ∈ N} ∈ F+ and an
increasing sequence of natural numbers (mk)k∈N such that B ⊆ A and 1mk+1  ‖xnk‖ < 1mk , for every k ∈ N. Observe that if
nk ∈ An , then n ∈ (mk,mk+1], for each k ∈ N. Therefore, |B ∩ An| 1, for all n ∈ N. 
Problem 3.10. Characterize the weakly selective ﬁlters by using some ﬁlter convergent properties of 1.
4. Characterizations by usingF -convergence in Banach spaces with Schauder bases
We will consider now the more general setting of Banach spaces with Schauder bases.
The next three theorems are simply generalizations of the ones presented in the previous section.
Theorem 4.1. Let F be a ﬁlter on N and let X be a Banach space with a Schauder basis (en)n∈N . The following are equivalent.
(1) F is a P -ﬁlter.
(2) For every sequence (xn)n∈N in X, if xn w−→F 0, then there is a subsequence (xnk )k∈N such that B = {nk: k ∈ N} ∈ F and xnk π−→ 0.
Theorem 4.2. Let F be a ﬁlter on N and let X be a Banach space with a Schauder basis (en)n∈N . Then, the following are equivalent.
(1) F is a P -ﬁlter+ .
(2) For every sequence (xn)n∈N in X, if xn w−→F 0, then for every A ∈ F+ there is a subsequence (xnk )k∈N such that B = {nk: k ∈ N} ∈
F+ , B ⊆ A and xnk π−→ 0.
Theorem 4.3. Let F be a ﬁlter on N and let X be a Banach space with a Schauder basis (en)n∈N . The following are equivalent.
(1) F is a weak P-ﬁlter.
(2) For every sequence (xn)n∈N in X, if xn w−→F 0, then there is a subsequence (xnk )k∈N such that B = {nk: k ∈ N} ∈ F+ and xnk π−→ 0.
Next, we shall see that Q -ﬁlters, Q -ﬁlters+ , weakly Q -ﬁlters, selective ﬁlters and selective+ ﬁlters are closely related
to a small perturbation property and certain properties of block basic sequences. To do that we need to recall some con-
cepts and notation on Banach spaces (for the undeﬁned notions the reader is referred to [7,8]). A sequence (xn)n∈N in a
Banach space X is called a basic sequence if it is a Schauder basis for the Banach space that generates. By K (xn) we denote
the constant basis of (xn)n∈N which satisﬁes K (xn)  1. A block basic sequence (zk)k∈N of a sequence (xn)n∈N is a non-zero
sequence of the form zk =∑pkj=pk−1+1 a jx j , for some increasing sequence (pk)k∈N in N and some sequence (an)n∈N of real
numbers. A block basic sequence (zk)k∈N of a basic sequence (xn)n∈N is always a basic sequence and K (zk)  K (xn). Two
basic sequences (xn)n∈N and (yn)n∈N are called equivalent if there is an isomorphism T between the Banach spaces that
they generate such that T (xn) = yn , for each n ∈ N.
S. García-Ferreira, H.S. Pino-Villela / Topology and its Applications 159 (2012) 1246–1257 1253Deﬁnition 4.4. Let (xn)n∈N be a basic sequence in a Banach space X . If (yn)n∈N is a sequence in X such that
∞∑
n=1
‖xn − yn‖
‖xn‖ <
1
2K (xn)
, (4.1)
then (yn)n∈N is called a small perturbation of (xn)n∈N .
A proof of the following well-known theorem in Banach spaces may be found in [8].
Theorem 4.5 (Principle of small perturbations). Let (xn)n∈N be a basic sequence in a Banach space X. If (yn)n∈N is a sequence in X
which is a small perturbation of (xn)n∈N , then
(1) (yn)n∈N is a basic sequence equivalent to (xn)n∈N , and
(2) if (xn)n∈N is a Schauder basis for X , so is (yn)n∈N .
We are ready to characterize the Q -ﬁlters, the Q -ﬁlters+ , the weak Q -ﬁlters, the selective ﬁlters and the selective+
ﬁlters.
Theorem 4.6. Let F be a ﬁlter on N and let X be a Banach space with a Schauder basis (en)n∈N . The following are equivalent.
(1) F is a Q -ﬁlter.
(2) For every sequence (xn)n∈N in X, if xn π−→ 0 and there is A ∈ F so that infn∈A ‖xn‖ ε > 0, then there are B = {nk: k ∈ N} ∈ F
and a block basic sequence zk =∑pkj=pk−1+1 e∗j (xnk )e j , such that (xnk )k∈N is a small perturbation of (zk)k∈N and both sequences
are equivalent.
Theorem 4.7. Let F be a ﬁlter on N and let X be a Banach space with a Schauder basis (en)n∈N . The following are equivalent.
(1) F is a Q -ﬁlter+ .
(2) For every sequence (xn)n∈N in X, if xn π−→ 0 but xn F 0, then there are B = {nk: k ∈ N} ∈ F+ and a block basic sequence
zk =∑pkj=pk−1+1 e∗j (xnk )e j , such that (xnk )k∈N is a small perturbation of (zk)k∈N and both sequences are equivalent.
Proof. (1) ⇒ (2). Let (xn)n∈N be a sequence in X such that xn π−→ 0 and xn F 0. Then, we can choose ε > 0 so that
A = {n ∈ N: ‖xn‖  ε} ∈ F+ . We ﬁrst deal with the case ε = 1. Using the deﬁnition of a Schauder basis we can select an
increasing sequence (mn)n∈N so that∥∥∥∥∥
∞∑
i=mn+1
e∗i (xn)ei
∥∥∥∥∥< 1K(en) 2−(n+3),
for every n ∈ A. Since xn π−→ 0 we can ﬁnd an increasing sequence (sk)k∈N , where s1 = 1 and if k ∈ N and j ∈ A satisﬁes
that sk+1  j, then∥∥∥∥∥
msk∑
i=1
e∗i (x j)ei
∥∥∥∥∥< 1K(en) 2−(sk+3).
Without lost of generality we may suppose
⋃{(s2k−1, s2k]∩ A: k ∈ N} ∈ F+ , since otherwise ⋃{(s2k, s2k+1]∩ A: k ∈ N} ∈ F+ .
By the Q -ﬁlter+ property of F , there exists B = {nk: k ∈ N} ∈ F+ , where nk ∈ [s2k−1, s2k) ∩ A, for each k ∈ N. Now, deﬁne
a block basic sequence of (en)n∈N by letting zk =∑ms2ki=ms2k−2+1 e∗i (xnk )ei , for each k ∈ N. By the choice of B , we have that
‖xnk‖ =
∥∥∥∥∥
∞∑
i=1
e∗i (xnk )ei
∥∥∥∥∥

∥∥∥∥∥
ms2k−2∑
i=1
e∗i (xnk )ei
∥∥∥∥∥+ ‖zk‖ +
∥∥∥∥∥
∞∑
i=ms2k+1
e∗i (xnk )ei
∥∥∥∥∥
<
1
2
+ ‖zk‖,
for every k ∈ N. Hence, 1  ‖zk‖ for all k ∈ N. Finally, since K (zk) K (en), we obtain that2
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k=1
‖zk − xnk‖
‖zk‖ < 2
∞∑
k=1
‖zk − xnk‖
= 2
∞∑
k=1
(∥∥∥∥∥
ms2k−2∑
i=1
e∗i (xnk )ei +
∞∑
i=ms2k+1
e∗i (xnk )ei
∥∥∥∥∥
)
 2
∞∑
k=1
(∥∥∥∥∥
ms2k−2∑
i=1
e∗i (xnk )ei
∥∥∥∥∥+
∥∥∥∥∥
∞∑
i=ms2k+1
e∗i (xnk )ei
∥∥∥∥∥
)
< 2
∞∑
k=1
(
1
K (en)
2−(s2k−2+3) + 1
K (en)
2−(nk+3)
)
< 2
∞∑
k=1
1
K (en)
2−(s2k−2+2)  1
2K (en)
 1
2K (zk)
.
So, (xnk )k∈N is a small perturbation of (zk)k∈N . If ε > 0 is arbitrary, then it is not hard to verify that ‖xn‖−1xn π−→ 0 in A.
Applying the previous case, we can pick B = {nk: k ∈ N} ∈ F+ and a block basic sequence z′k =
∑pk
j=pk−1+1 ‖xnk‖−1e∗j (xnk )e j ,
such that (‖xnk‖−1xnk )k∈N is a small perturbation of (z′k)k∈N . Thus, (xnk )k∈N is a small perturbation of the block basic
sequence (‖xnk‖z′k)k∈N . By Theorem 4.5, in both cases these two sequences are equivalent.
(2) ⇒ (1). To prove this implication we do not need the assumption that the sequences are equivalent. Fix A ∈ F+ and
let {An: n ∈ N} be a partition of A in ﬁnite sets. For each k ∈ N, we deﬁne xk = en if k ∈ An for some n ∈ N, and xk = 0
otherwise. Obviously xn
π−→ 0 and xn F 0. By assumption, there are B = {nk: k ∈ N} ∈ F+ and a block basis sequence
zk =∑pkj=pk−1+1 e∗j (xnk )e j , so that (xnk )k∈N is a small perturbation of (zk)k∈N . Hence, each zk is a non-zero vector and so
B ⊆ A. If nk ∈ An , notice that zk = ∑pkj=pk−1+1 e∗j (xnk )e j = ∑pkj=pk−1+1 e∗j (en)e j = 0 iff n ∈ (pk−1, pk]. Thus, we have that|B ∩ An| 1, for all n ∈ N. 
Theorem 4.8. Let F be a ﬁlter on N and let X be a Banach space with a Schauder basis (en)n∈N . The following are equivalent.
(1) F is a weak Q -ﬁlter.
(2) For every sequence (xn)n∈N in X, if xn π−→ 0 and infn∈N ‖xn‖ ε > 0, then there are B = {nk: k ∈ N} ∈ F+ and a block sequence
of the form zk =∑pkj=pk−1+1 e∗j (xnk )e j , such that (xnk )k∈N is a small perturbation of (zk)k∈N .
Proof. For implication (1) ⇒ (2) we proceed to construct an increasing sequences of natural numbers (mn)n∈N and (sk)k∈N
as in Theorem 4.7. Pick A = {nk: k ∈ N} so that nk ∈ (sk−1, sk], for every natural k. Then, either B = {n2k: k ∈ N} ∈ F+ or
A \ B ∈ F+ . Assuming B ∈ F+ , we obtain that (xn2k )k∈N is a small perturbation of zk =
∑ms2k
i=ms2k−2+1 e
∗
i (xn2k )ei . The proof of
the inverse implication is completely similar to the one of Theorem 4.7 taking A = N. 
Theorem 4.9. Let F be a ﬁlter on N and let X be a Banach space with a Schauder basis (en)n∈N . The following are equivalent.
(1) F is selective.
(2) For every sequence (xn)n∈N in X, if xn π−→F 0 and there is A ∈ F so that infn∈A ‖xn‖ ε > 0, then there are B = {nk: k ∈ N} ∈ F
and a sequence of the form zk =∑pkj=pk−1+1 e∗j (xnk )e j so that (xnk )k∈N is a small perturbation of (zk)k∈N .
Theorem 4.10. Let F be a ﬁlter on N and let X be a Banach space with a Schauder basis (en)n∈N . The following are equivalent.
(1) F is selective+ .
(2) For every sequence (xn)n∈N in X, if xn π−→F 0 but xn F 0, then there are B = {nk: k ∈ N} ∈ F+ and a sequence of the form
zk =∑pkj=pk−1+1 e∗j (xnk )e j so that (xnk )k∈N is a small perturbation of (zk)k∈N .
Proof. (1) ⇒ (2). Since xn F 0 there is ε > 0 for which A = {n ∈ N: ‖xn‖ ε} ∈ F+ . By the proof of Theorem 4.2, the P -
ﬁlter+ property of F gives us a set B1 ∈ F+ such that B1 ⊆ A and xn π−→ 0 in B1. Note that in the proof of the implication
(1) ⇒ (2) of Theorem 4.7 we only needed the π -convergence of a subsequence bounded away below from zero. Using this
and the fact that F is a Q -ﬁlter+ , we can follow the proof of Theorem 4.7 to complete the proof.
(2) ⇒ (1). Suppose that A ∈ F+ and that {An: n ∈ N} is a partition of N such that An /∈ F+ , for all n ∈ N. Setting, for
each k ∈ N, xk = en provided that k ∈ An ∩ A and xk = 0 if k /∈ A. It is obvious that xn F 0. To verify that xk π−→F 0, ﬁx
j ∈ N and 0 < ε < 1. Then, we have that {k ∈ N: |e∗(xk)| < ε} ⊇ N \ A j ∈ F . By assumption, there are B = {nk: k ∈ N} ∈ F+j
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xk that either zk = 0 or zk = 0 if nk ∈ An ∩ A and n ∈ (pk−1, pk]. Since (xnk )k∈N is a small perturbation of (zk)k∈N , we must
have that zk = 0, for all k ∈ N. Thus, B ⊆ A and |B ∩ An| 1, for each n ∈ N. 
Let us recall a well-known and very important criterion to locate block basic sequences.
Theorem 4.11 (The Bessaga–Pelczynski selection principle). ([3]) Let (en)n∈N be a Schauder basis for a Banach space X. If (xn)n∈N is a
sequence in X such that
(1) xn
π−→ 0, and
(2) xn  0,
then (xn)n∈N contains a subsequence (xnk )k∈N which is equivalent to some block basic sequence of (en)n∈N .
The Bessaga–Pelczynski selection principle can be generalized in the context of ﬁlters as follows:
Deﬁnition 4.12. Let G and F be ﬁlters on N and A ∈ {F ,F+}. We say that a Banach space X with a Schauder basis (en)n∈N
has the BP(G,F ,A)-property, if whenever (xn)n∈N is a sequence in X such that
(1) xn
π−→G 0, and
(2) xn F 0,
then there is B = {nk: k ∈ N} ∈ A such that (xnk )k∈N is equivalent to some block basic sequence of (en)n∈N .
Thus, the Bessaga–Pelczynski selection principle is the assertion that every Banach space with a Schauder basis has the
BP(Fr,Fr, [N]ω)-property, where [N]ω denotes the set of inﬁnite subsets of N. Moreover as a consequence of Theorems 4.7
and 4.10 together with the principle of small perturbations (Theorem 4.5) we have the following.
Corollary 4.13. Let F be a ﬁlter on N.
(1) If F is a Q -ﬁlter+ , then every Banach space with a Schauder basis has the BP(Fr,F ,F+)-property.
(2) If F is a selective+ ﬁlter on N, then every Banach space with a Schauder basis has the BP(F ,F ,F+)-property.
We do not know whether or not the statements of the previous corollary characterize the corresponding ﬁlters.
We will see next that if in Deﬁnition 4.12 we add the requirement that the subsequence (xnk )k∈N is bounded away below
from zero, that is, there is ε′ > 0 so that infk∈N ‖xnk‖ ε′ , then 1 does not have the BP(F ,F ,F+)-property, where F is
a ﬁlter for which there is a sequence (xn)n∈N with xn w−−→F 0 and xn F 0 (a non-Schur ﬁlter following [1]). Note that in
the proofs of Theorems 4.7, 4.8 and 4.10 the subsequence (xnk )k∈N given by (2) satisﬁes this property. Suppose then that
F is a ﬁlter for which there is a weakly F -convergent to zero sequence (xn)n∈N in 1 which is not norm F -convergent
to zero and assume also that 1 does have the BP(F ,F ,F+)-property. Let B = {nk: k ∈ N} ∈ F+ and (zk)k∈N be a block
basic sequence of (en)n∈N as in Deﬁnition 4.12. Consider the bijection ϕ : B → N given by ϕ(nk) = k, for each k ∈ N, and put
G = ϕ[F |B ]. We claim that zk w−−→G 0. By assumption there is an isomorphism T : [xnk ]k∈N → [zk]k∈N that maps xnk to zk ,
for every k ∈ N. If f ∈ ∗1 is arbitrary, then f ◦ T is a continuous functional on [xnk ]k∈N and by the Hahn–Banach Theorem
we may assume that f ◦ T ∈ ∗1. Observe that xnk w−−→F |B 0, which implies that C = {nk ∈ B: | f ◦ T (xnk )| < ε} ∈ F |B , for
every ε > 0 and therefore {k ∈ N: | f (zk)| < ε} ∈ G , since C = ϕ−1[{k ∈ N: | f (zk)| < ε}]. Now, since (zk)k∈N is a block basic
sequence of (ek)k∈N , there is an isomorphism from [zk]k∈N onto [‖zk‖ek]k∈N mapping zk to ‖zk‖ek , for all k ∈ N. By a similar
argument as above we have that ‖zk‖ek w−−→G 0. Using now the additional hypothesis on (xnk )k∈N and the equivalence of
the sequences (xnk )k∈N and (zk)k∈N we can ﬁnd δ > 0 such that infk∈N ‖zk‖ δ. Finally, let f ∈ ∗1 and let ε > 0 be arbitrary.
As {k ∈ N: | f (ek)| < ε/‖zk‖} ∈ G we also have that {k ∈ N: | f (ek)| < ε/δ} ∈ G which shows that ek w−−→G 0, but this is a
contradiction since the sequence (ek)k∈N cannot be weakly G-convergent to zero for any ﬁlter G as can be easily seen by
considering the functional g = (gi)i∈N ∈ ∗1, where gi = 1, for every i ∈ N.
Question 4.14. Let G and F be ﬁlters on N and A ∈ {F ,F+}. If 1 has the BP(G,F ,A)-property, must an arbitrary Banach
space with a Schauder basis have the BP(G,F ,A)-property?
5. Schur ﬁlters
In the article [1], a ﬁlter F on N is called Schur ﬁlter if every weakly F -convergent to zero sequence in 1 is also
norm F -convergent to zero (in symbols, xn w−−→F 0 implies xn →F 0). An interesting property that the authors proved is
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necessarily selective+ . They formulated the question, still open, whether every Q -ﬁlter+ has the Schur property. In this
section, we shall characterize these ﬁlters using the unit ball B∞ = {x ∈ ∞: ‖x‖∞  1} of the space ∞ . For our purposes,
let us recall that the unit ball B∞ is metrizable under the weak
∗-topology on ∞ and that a metric that generates its
topology is given by
d(a,b) =
∞∑
j=1
1
2 j
∣∣a j − b j∣∣,
for every a = (a j) j∈N and b = (b j) j∈N elements of ∞ . We have mentioned above that the dual space of the Banach space
1 is the Banach space ∞ and that if a = (a j) j∈N ∈ ∞ and x = (xi)i∈N ∈ 1, then a(x) =∑∞i=1 aixi .
Deﬁnition 5.1. Fix a sequence (xn)n∈N in 1. For each ε > 0 and for every inﬁnite set A ⊆ N, we let
CA,ε =
{
a ∈ B∞ : ∀n ∈ A
(∣∣a(xn)∣∣ ε
3
)}
.
We say that a ﬁlter F on N is a B-ﬁlter if whenever (xn)n∈N is a sequence in 1, ε > 0 and B∞ =
⋃
A∈F CA,ε , then there is
A ∈ F , depending on ε, such that intw∗CA,ε = ∅.
We remark that our deﬁnition of a B-ﬁlter is a particular case of the one given in [1]. In the next lemma, we characterize
the weak F -convergence of sequences in 1. First observe that xn w−−→F 0 iff a(xn) →F 0 for all a ∈ B∞ , where (xn)n∈N is
an arbitrary sequence in 1.
Lemma 5.2. Let F be a ﬁlter and let (xn)n∈N be a sequence in 1 . Then, xn w−→F 0 iff B∞ =
⋃
A∈F CA,ε , for each ε > 0.
Proof. Necessity. Fix ε > 0. For every a ∈ B∞ , we have that A = {n ∈ N: |a(xn)|  ε3 } ∈ F and so a ∈ CA,ε . Thus, B∞ =⋃
A∈F CA,ε .
Suﬃciency. Let ε > 0 and let a ∈ B∞ . Then, a belongs to CA,ε for some A ∈ F . It is then evident that {n ∈ N: |a(xn)|
ε
3 } ⊇ A and so {n ∈ N: |a(xn)| ε3 } ∈ F . 
Theorem 5.3. Let F be a ﬁlter. Then, F is a B-ﬁlter iff F is a Schur ﬁlter.
Proof. Necessity. Suppose that (xn)n∈N is a sequence in 1 such that xn w−−→F 0. Fix ε > 0. We shall show that {n ∈ N: ‖xn‖ <
ε} ∈ F . Since B∞ =
⋃
A∈F CA,ε , by assumption, we can ﬁnd A ∈ F such that intw∗CA,ε = ∅. Pick a = (a j) j∈N ∈ B∞ and
δ > 0 such that the open ball B(a, δ) = {b ∈ ∞: d(a,b) < δ} ⊆ CA,ε . Choose k ∈ N so that 12k−1 < δ. For every n ∈ A, deﬁne
bn ∈ ∞ by
b jn =
⎧⎨
⎩
a j if 1 j  k,
x jn/|x jn| if j > k and x jn = 0,
0 otherwise.
It is clear that bn ∈ B∞ , for each n ∈ A. Moreover, if n ∈ A, then
d(a,bn) =
∞∑
j=1
1
2 j
∣∣a j − b jn∣∣= ∞∑
j=k+1
1
2 j
∣∣a j − b jn∣∣

∞∑
j=k+1
1
2 j
2 =
∞∑
j=k+1
1
2 j−1
<
1
2k−1
< δ;
that is, bn ∈ B(a, δ) ⊆ CA,ε . Thus,
∣∣bn(xn)∣∣=
∣∣∣∣∣
∞∑
j=1
b jnx
j
n
∣∣∣∣∣=
∣∣∣∣∣
k∑
j=1
a jx jn +
∞∑
j=k+1
∣∣x jn∣∣
∣∣∣∣∣ ε3 ,
for every n ∈ A. Now, choose B ∈ F so that
k∑∣∣x jn∣∣< ε3 ,j=1
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‖xn‖
k∑
j=1
∣∣x jn∣∣+
∣∣∣∣∣
k∑
j=1
a jx jn +
∞∑
j=k+1
∣∣x jn∣∣
∣∣∣∣∣+
∣∣∣∣∣
k∑
j=1
a jx jn
∣∣∣∣∣
 2
k∑
j=1
∣∣x jn∣∣+ ∣∣bn(xn)∣∣< ε,
for every n ∈ A ∩ B ∈ F . Therefore, we get that {n ∈ N: ‖xn‖ < ε} ⊇ A ∩ B and so {n ∈ N: ‖xn‖ < ε} ∈ F .
Suﬃciency. Let (xn)n∈N be a sequence in 1 for which B∞ =
⋃
A∈F CA,ε , for every ε > 0. By Lemma 5.2, we know that
xn
w−−→F 0 and, by hypothesis, we must have that xn →F 0. Fix ε > 0, then A = {n ∈ N: ‖xn‖ ε3 } ∈ F . So, if a ∈ B∞ and
n ∈ A, then |a(xn)| ‖xn‖ ε3 ; that is, a ∈ CA,ε . Thus, B∞ = CA,ε . Obviously, intw∗CA,ε = ∅. 
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